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Vortex filamentAbstract Applications of a novel curve-fitting technique are presented to efficiently predict the
motion of the vortex filament, which is trailed from a rigid body such as wings and rotors. The gov-
erning equations of the motion, when a Lagrangian approach with the present curve-fitting method
is applied, can be transformed into an easily solvable form of the system of nonlinear ordinary dif-
ferential equations. The applicability of Be´zier curves, B-spline, and Lagrange interpolating polyno-
mials is investigated. Local Lagrange interpolating polynomials with a shift operator are proposed
as the best selection for applications, since it provides superior system characteristics with minimum
computing time, compared to other methods. In addition, the Gauss quadrature formula with local
refinement strategy has been developed for an accurate prediction of the induced velocity computed
with the line integration of the Biot–Savart law. Rotary-wing problems including a vortex ring
problem are analyzed to show the efficiency, accuracy, and flexibility in the applications of the pro-
posed method.
 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The vortex approach still has large area of applications in aero-
dynamic load prediction due to its computational efficiency and
its wide applicability in fixed-wing aircraft, rotorcraft, wind
turbines, and others.1–7 Helmholtz’s theorem of vortex motion
and Kevin’s circulation theorem describe the basic physics on
vortex flows in ideal-fluid. And, Kutta–Joukowski’s theoremof lift and Biot–Savart law8 for induced-velocity field provide
practical ways of both modeling and analyzing aerodynamic
problems over lifting wings with vortex methods, among which
the vortex lattice method (VLM)1–3 and the free-vortex wake
(FVW) method9–12 combined with the blade element method
(BEM) are widely used in many applications until now. These
two methods commonly adopt a vortex filament model to meet
Helmholtz’s theorem and the motion equation of vortex fila-
ments are generally described with Lagrangian approach.7
The VLM computes vortex strength by applying flow tangency
condition at each control point distributed over wing surface
and aerodynamic forces by applying Kutta–Joukowski’s theo-
rem. Therefore, this method cannot consider the effect of vis-
cous and compressible flow properties. Whereas, the FVW
method combined with the BEM computes sectional lift, drag,
and pitching moment using airfoil aerodynamic coefficients. It
54 C.-J. Kim et al.utilizes the velocity induced by vortex filaments in computing
local angle of attack and Mach number at each section of blade
elements. The accuracy of aerodynamic loads predicted with
both methods highly depends on the precision in computing
both the motion of vortex filaments and the velocity induced
by line vortex elements, which consist of main topics of this
study.
This paper focuses on the application of curve-fitting tech-
niques13 in describing time-varying geometry of vortex fila-
ments and in efficiently computing the line integral of Biot–
Savart law with enough precision. In this regard, Bliss et al14
used curved-vortex filaments in estimating an accurate line
integration of Biot–Savart law. Their method allows coarser
distribution of control points and claimed to reduce computing
time without significant loss of accuracy. Celi15 proposed the
use of the method of lines (MOL) to represent the motion
equation of vortex filaments with the form of ordinary differ-
ential equations (ODEs) and analyzed system characters
including system stiffness. His results showed that various
ODE solvers can be selectable by considering numerical accu-
racy and efficiency. Recently, Liu16 proposed an application of
non-uniform rational B-spline (NURBS) curves to represent
the geometry of vortex filaments. He transformed the motion
equation for vortex filaments into ODEs using a NURBS-
based interpolation. His work showed that the computation
associated with the calculation of influence coefficients and
with time-marching free-wake analysis can be dramatically
reduced for fixed-wing cases. Unfortunately, there is no proof
of successful implementations of the proposed method for
rotary wing problems.
This paper follows the similar approach to Liu’s.16 Various
curve-fitting techniques such as Be´zier-curves, B-spline,13 and
Lagrange interpolating polynomials17,18 are investigated to
select the best one among them. For this purpose, the dynamic
characteristics of ODEs derived using each curve-fitting
method are thoroughly analyzed by using the condition num-
ber of the mass matrix and the eigenvalues of the system
matrix. Thereby, robustness and stability can be identified by
analyzing the transformed ODEs. This kind of works has
never been done in the previous researches including Liu’s
study even though these characteristics are crucial in real appli-
cations. The natural choice of a line integral algorithm will be
a quadrature formula with the curve-fitted geometric model of
vortex filaments. However, singular nature in the kernel func-
tion of Biot–Savart law can cause difficulties in accurate com-
putation of the induced velocity. A new type of integration
strategy is proposed in this paper, where integration points
are locally refined with interpolating functions to remove fun-
damental causes of inaccurate prediction for a line integral.
The proposed methods are applied to time-marching free-
wake analyses for rotary wings. Various applications demon-
strate the efficiency, accuracy, and flexibility of the proposed
method and provide valuable information for the applications
of the present approach.2. Selection of interpolating curves for vortex filaments
Fee-vortex wake methods utilize the Lagrangian description
for the motion of a trailed-vortex filament, where the filament
geometry is represented by multiple-control points along the
vortex-age coordinate fðtÞ as shown in Fig. 1, where V1,Cðt; fÞ, rðt; fÞ, and X represent the free-stream velocity, vortex
strength, vortex-position vector and rotational speed of the
rotor, respectively.
The time-varying geometry of vortex filaments can be
described by the motion of each control point governed by
the following equation7 with a local velocity v, which is the
sum of relative flow velocity and self-induced velocity due to
the vortex system:
drðt; fÞ
dt
¼ vðrðt; fÞÞ ð1Þ
Since the vortex-age coordinate is a function of time, Eq.
(1) can be reduced to Eq. (2):
drðt; fÞ
dt
¼ @rðt; fÞ
@t
þ @rðt; fÞ
@f
 @f
@t
¼ vðrðt; fÞÞ ð2Þ
The curve-fitting technique in general manner can be
expressed by Eq. (3) using temporal position vectors rjðtÞ
(j= 0,1,. . .,n) and interpolating curves ujðtÞ (j= 0,1,. . .,n).
rðt; fÞ ¼
Xn
j¼0
rjðtÞujðfÞ ð3Þ
where n represents the total number of control points along
the filament and rjðtÞ is the representative position vector of
jth control point. By substituting Eq. (3) into Eq. (2), the
motion equation can be transformed into nonlinear ODEs
for rjðtÞ asXn
j¼0
_rjðtÞujðfÞ þ _f
Xn
j¼0
rjðtÞu0jðfÞ ¼ vðrðt; fÞÞ ð4Þ
where _rjðtÞ ¼ drjðtÞ=dt;u0jðfÞ ¼ dujðfÞ=df ðj ¼ 0; 1;    ; nÞ. If
the above equations are to be met at arbitrary n-collocation
points fi (i= 0,1,. . .,n) as fC ¼ ffmin ¼ f0 < f1 <    <
fn1 < fn ¼ fmaxg  ff0g, the motion of vortex filament can
be represented with the system of n-ODEs as
Xn
j¼0
_rjðtÞujðfiÞ þ _f
Xn
j¼0
rjðtÞu0jðfiÞ ¼ vðrðt; fiÞÞ
i ¼ 1; 2;    ; n
ð5Þ
The above equations can be rewritten in the matrix form16
as
M_rðtÞ ¼  _fKrðtÞ þ vðr; tÞ m0 _r0ðtÞ  _fk0r0ðtÞ ð6Þ
or
_rðtÞ ¼  _fM1KrðtÞ þM1vðr; tÞ
M1m0 _r0ðtÞ  _fM1k0r0ðtÞ ð7Þ
where
rðtÞ ¼ ½r1ðtÞ; r2ðtÞ;    ; rnðtÞT
M ¼ ½ui;j 2 Rnn; ui;j ¼ uiðfjÞ; i; j ¼ 1; 2;    ; n
K ¼ ½Dui;j 2 Rnn; Dui;j ¼ u0iðfjÞ; i; j ¼ 1; 2;    ; n
vðr; tÞ ¼ ½vðr; t; f1Þ; vðr; t; f2Þ;    ; vðr; t; fnÞT
m0 ¼ ½u0;jT; j ¼ 1; 2;    ; n
k0 ¼ ½u00ðfjÞT; j ¼ 1; 2;    ; n
8>>>>><
>>>>>:
ð8Þ
where M and K are the mass and stiffness matrices of the sys-
tem, m0 and k0 are system vectors related to vortex release
velocity and position, respectively. The point f0 corresponds
Fig. 1 Vortex filament model for wing aerodynamics.
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position and velocity vectors at that point. The system charac-
teristics as shown in Eq. (7) directly depend on the matrices,
M1 and K defined by interpolating functions. Various factors
should be considered in selecting interpolating functions. The
most important one is its capability of accurately building
the solvable ODEs with good system characteristics. The sys-
tem size n of Eq. (6) is determined by the minimum number
of control points that are needed to represent the complex
geometry of vortex filaments.
The definitions of Be´zier curves, B-spline, and Lagrange
interpolating polynomial are given in Table 1. Berstein polyno-
mial Bnj ðsÞ in Be´zier curves has the global support and the for-
mula to calculate its function values and derivatives are well
established. However, in case the number of control points is
increased, the value of ð1 sÞnjs j approaches to zero in the
intermediate part of interval s 2 ð0; 1Þ. The matrix M in Eq.
(6), therefore, becomes singular at an extreme case and large
error can be involved in matrix inversion due to high condition
number of the matrix M. The base-functions for B-spline
curves have local supports and the parameter variable s can
be used without limitations in the range as in the Be´zier curves.
The value of Nkj ðtÞ becomes smaller and smaller as the order k
is increased. The effect of the number of knots (the number of
sj) on the condition number of the matrixM must be carefully
investigated even with a low order such as with k= 2 or
k= 3. Since the NURBS inherits the characteristics of the
B-spline, the curve fitting technique using the NURBS is
expected to show the same behavior. Finally, the Lagrange
interpolating polynomials ukðsÞ computes ujðskÞ ¼ djk
(j,k= 0,1,. . .,n) and its function value for sj is exactly the same
as the physical variable fj: Therefore, Eq. (6) can be further
simplified since M ¼ I and m0 ¼ 0, which exclude the effectTable 1 Interpolating functions with an independent parameter s.
Name Inte
Be´zier curves with Bernstein polynomials ujðs
B-spline curves with (k  1)th order
ujðs
kP
Lagrange interpolating polynomials ujðsof released velocity _r0ðwÞ of a vortex filament and the need
of matrix inversion as shown in Eq. (9):
_rðtÞ ¼  _fKrðtÞ þ vðr; tÞ  _fk0r0ðtÞ ð9Þ
Table 2 compares condition numbers of the matrix M for
different numbers of control points, where node points in the
Lagrange interpolation are defined using Legendre–Gauss–
Lobatto (LGL)-type quadrature points.17,18 In other cases
nodes are uniformly distributed. As shown in the table the
method based on Be´zier curves presents extremely high condi-
tion number at large node number. It indicates that the
improvement of the spatial accuracy by increasing the number
of nodes can be limited. Tables 3–5 show eigenvalues of matrix
~K ¼ M1K which determines the system characteristics when
local velocity approaches zero. With increasing node number,
the motion equations generate unstable modes when built with
B-splines. Since the number of eigenvalues with positive real
part and the largest value among them are rapidly increasing,
the B-spline method has a big disadvantage when a time-
marching method is used to get a converged solution. It should
be noted that the Lagrange interpolation method produces
stable systems regardless of the node number.
From the above investigations the Lagrange interpolation
polynomials are best suit to preserve good system characteris-
tics for the present problems. Numerical analyses with it, how-
ever, can show slow convergence with large node number since
the absolute value of the smallest negative real part is rapidly
decreasing. Therefore, the use of local Lagrange interpolation
polynomials is strongly recommended with a shift operator. If
a required order m of polynomials is given as an input, control
points for interpolation are selected depending on the number
of shift s as given in Eqs. (10) and (11).rpolating function (base function)
Þ ¼ Bnj ðsÞ; s 2 ½0; 1 where Bnj ðsÞ ¼ n!j!ðnjÞ! ð1 sÞnjs j; j ¼ 0; 1;    ; n
Þ ¼ Nkj ðsÞ where N0j ðtÞ ¼
1 if t 2 ½sj; sjþ1Þ
0 otherwise

j ¼ 0; 1;    ; nþ k for
1; Nkj ðtÞ ¼ tsjsjþksj Nk1j ðtÞ þ
sjþkþ1t
sjþkþ1sjþ1 N
k1
jþ1 ðtÞ; t 2 ½sj; sjþkþ1Þ
Þ ¼QNk¼0
k–j
ssk
sjsk ; j ¼ 0; 1;    ; n
where
Table 2 Condition number of matrix M.
Category n
8 16 32 64
Be´zier curves 455.0 9.8  105 5.7  109 2.3  1013
Quadratic B-spline 2.7 3.3 4.4 5.9
Cubic B-spline 7.4 22.2 279.9 4.8  104
Lagrange Polynomials 1.0 1.0 1.0 1.0
Table 3 Eigenvalues of ~K ðn ¼ 4; fmax ¼ 1:0Þ.
Category Eigenvalue
Be´zier curves 17.83, 4.00, 1.61, 2.22
Quadratic B-spline 0.76 ± 3.63i, 2.54 ± 1.22i
Cubic B-spline 0.95 ± 4.23i, 2.88 ± 1.37i
Lagrange polynomials 1.61 ± 4.67i, 3.39 ± 1.49i
Table 4 Eigenvalues of ~K ðn ¼ 8; fmax ¼ 1:0Þ.
Category Eigenvalue
Be´zier curves 82.33, 18.19, 10.11, 6.24,4.74, 3.76,
3.02, 3.29
Quadratic
B-spline
2.22 ± 7.67i, 1.55 ± 5.54i,3.49 ± 3.37i,
4.35 ± 1.13i
Cubic B-spline 4.24 ± 7.30i, 11.68, 6.09,1.12 ± 4.66i,
3.56 ± 1.88i
Lagrange
polynomials
0.80 ± 13.91i, 4.02 ± 8.65i,6.11 ± 4.97i,
7.05 ± 1.63i
Table 5 First 8- and 12-eigenvalues of ~K in decreasing the
order of real part ðfmax ¼ 1:0Þ.
Category Eigenvalue
Quadratic
B-spline
n= 16 10.94 ± 14.58i, 3.90 ± 12.90i, 0.21
± 11.18i, 3.05 ± 9.33i
n= 32 32.77 ± 25.71i, 20.30 ± 25.46i, 12.70
± 24.53i, 7.21 ± 23.30i,2.87 ± 21.90i,
0.67 ± 19.89i
Lagrange
polynomials
n= 16 0.10 ± 45.56i, 1.66 ± 27.11i, 5.58
± 20.99i, 8.77 ± 16.39i
n= 32 0.02 ± 17.02i, 0.11 ± 88.61i, 0.66
± 63.96i, 3.63 ± 53.74i, 7.98
± 46.82i, 12.01 ± 41.11i
Table 6 Function values used for interpolation with s and m.
m s Function value for interpolation
3 1 fj2; fj1; fj; fjþ1
0 fj1; fj; fjþ1; fjþ2
1 fj; fjþ1; fjþ2; fjþ3
4 1 fj2; fj1; fj; fjþ1; fjþ2
0 fj1; fj; fjþ1; fjþ2; fjþ3
1 fj; fjþ1; fjþ2; fjþ3; fjþ4
56 C.-J. Kim et al.(1) m ¼ 2N  1 (if m is odd, N 6 s 6 N )wherefðfÞ ¼
XNþs
k¼Nþsþ1
fjþkujþkðfÞ; f 2 ½fj; fjþ1 ð10Þfjþk ¼ fðfjþkÞ; ujþkðfÞ ¼
YNþs
i¼Nþsþ1
i–k
f fjþi
fjþk  fjþi(2) m ¼ 2N (if m is even, N  1 6 s 6 N  1)fðfÞ ¼
XNþsþ1
k¼Nþsþ1
fjþkujþkðfÞ; f 2 ½fj; fjþ1Þ ð11Þfjþk ¼ fðfjþkÞ; ujþkðfÞ ¼
YNþs
i¼Nþs
i–k
f fjþi
fjþk  fjþiWith the above strategy, function values at the interval of
f 2 ½fj; fjþ1Þ are interpolated using control points as examples
given in Table 6.
Eigenvalues of K were investigated with both the order of
interpolating polynomials and the number of shift opera-
tions, though not shown here. The investigation proves that
the system can be destabilized when s 6 0, which is concep-
tually similar to the use of upwind-algorithm for the numer-
ical solution of wave equations to guarantee numerical
stability. More interestingly, any linear combination of
motion equations represented by the form of Eq. (9) can
be used to enhance system characteristics as shown in Eq.
(14) for two different systems, fKð1Þ; kð1Þ0 g and fKð2Þ; kð2Þ0 g,
with aþ b ¼ 1.
_rðtÞ ¼  _fKð1ÞrðtÞ þ vðr; tÞ  _fkð1Þ0 r0ðtÞ ð12Þ
_rðtÞ ¼  _fKð2ÞrðtÞ þ vðr; tÞ  _fkð2Þ0 r0ðtÞ ð13Þ
_rðtÞ ¼  _ffaKð1Þ þ bKð2Þg rðtÞ þ vðr; tÞ
 _ffakð1Þ0 þ bkð2Þ0 g r0ðtÞ
ð14Þ3. Integration of Biot–Savart law
The motion equation of a vortex filament in Eq. (9) requires
local velocity field vðr; tÞ; some of which is contributed by
the induced velocity due to vortex filaments. The induced
velocity at a control point due to a line element along the vor-
tex filament is determined by the Biot–Savart law. If we con-
sider an infinitesimal line vortex element d r with its
circulation CðrÞ at a position r as shown in Fig. 2, the induced
velocity dvind at the control point rc due to the vortex element
can be written by the Biot–Savart law8 as
dvindðrc; rÞ ¼ CðrÞ
4p
 dr ðrc  rÞkrc  rk3
ð15Þ
Since the accurate line integration of Eq. (15) along the
curved vortex filament is not an easy task, most applications
utilize an approximated formula for a straight-line vortex
element with a constant circulation. With reference to Fig. 3,
the mentioned formula can be expressed in a closed form as8
Fig. 2 Curved vortex filament model for Biot–Savart law.
Fig. 3 Straight-line vortex filament model with a constant
circulation.
Fig. 4 Straight-line vortex element and control point location.
Fig. 5 Induced velocity with normal distance.
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4ph
u  rAkrAk 
rB
krAk
  
e ð16Þ
where
u ¼ rB  rAkrB  rAk
h ¼ u rA
h ¼ khk
e ¼ h=khk
8>>><
>>>:
As h approaches toward zero, Eq. (16) shows a singular
behavior and this is commonly removed using a viscous core
model7 with radius rc like
CvðrÞ ¼ h
ðr2nc þ h2nÞ
1
n
CðrÞ n ¼ 1:0 2:0 ð17Þ
Various comparative studies on the accuracy of the induced
velocity using straight-segment models have been carried out
for vortex rings and helical vortices as in Refs.19,20 For a vor-
tex filament with large curvature variation, the extremely fine
distribution of control points is required for an accurate com-
putation of the induced velocity.
A line integration method using quadrature formula as an
alternative is investigated and is considered to be a natural
choice for the curve-fitted geometry of a vortex filament. Line
integral at an interval r 2 ½rðf0Þ; rðffÞ along a vortex filament
can be written using Gauss quadrature formula17,18 with its
quadrature points sk and weights wk ðk ¼ 1; 2;    ; nGÞ as
vindðrcÞ ¼
Z ff
f0
kðrc; r; r0Þdf  ff  f0
2
XnG
k¼1
wkkðrc; rk; r0kÞ ð18Þ
where the kernel function kðrc; rk; r0kÞ can be written by
kðrc; rk; r0kÞ ¼
CðrkÞ
4p
 r
0
k  ðrc  rkÞ
krc  rkk3
k ¼ 1; 2;    ; nG ð19Þwhere
rk ¼
Xn
j¼0
rjðtÞujðfkÞ
r0k ¼
Xn
j¼0
rjðtÞu0jðfkÞ
fk ¼ f0 þ
1
2
ðsk þ 1Þðff  f0Þ
8>>>><
>>>>:
ð20Þ
Since the kernel function shows highly nonlinear behavior
as the control point approaches to a vortex filament, it is dif-
ficult to determine the required number of integration points.
To clarify this issue the velocities induced by a straight-line
vortex element and by a ring vortex are thoroughly investi-
gated in this paper.
Fig. 4 illustrates a straight-line vortex model and the con-
trol point location defined with normal distance h and rotation
angle h. In case the vortex strength C is a constant, Eq. (16)
provides the exact integration of the Biot–Savart law at the
control point. Fig. 5 compares the normal component of
induced velocities v computed by using Eq. (18) with the exact
solution when the quadrature formula uses 12 nodes dis-
tributed over the vortex filament. The results show that the
accuracy is deteriorated as h=L becomes smaller than 0.1.
Fig. 6 shows the analytical results for h=L ¼ 0:01 with
4-point quadrature formula for different numbers of vortex
elements (Ne) along the filament. Highly refined vortex
elements can recover the accuracy of the integration, in case
of which computation time is rapidly increasing. An efficient
computation with the quadrature formula, therefore, requires
a strategy for local node refinement with an adequate length
scale for good accuracy. From the above results, the normal
distance h=L directly affects the accuracy of the line integration
Fig. 6 Induced velocity with the number of vortex elements
(Ne).
Fig. 8 Schematic view of change in singular point along the
x-axis depending on vortex filament model.
Fig. 9 Different types of quadrature node distribution for
induced velocity prediction.
58 C.-J. Kim et al.and can be a measure for the node refinement strategy. In case
the distance h=L for a line vortex element is greater than a
given length scale, the Gauss quadrature formula can provide
an accurate result. Otherwise, the element is split into smaller
vortex elements, the number of which depends on the required
accuracy, and the exact formula shown in Eq. (16) can be
applied for each element. Points for the line-vortex splitting
can be accurately positioned using curve-fitting techniques,
whereas an adequate length scale for the algorithm switching
needs careful selection depending on problems to resolve.
Fig. 7 represents a ring vortex placed in the x–y plane and
the corresponding straight-line vortex model with the evenly
spaced 6 control points. The induced velocity at each point
in 3D space can be represented by complete elliptic integrals
of the first and the second kinds as given in Ref.21 Fig. 8 illus-
trates the error sources in the induced velocity prediction when
a straight-line vortex model is used. The curved-vortex fila-
ment model can compute a realistic distribution by correctly
positioning the singular point. However, in case the quadra-
ture formula is adopted, the induced velocity prediction highly
depends on the quadrature distribution of nodes. As shown in
Fig. 9, the nodes of Types① and②, which have relatively lar-
ger normal distance than that of Type③, cannot compute the
singular behavior in the induced velocity distribution across
the curved-vortex filament. Therefore, there exist pros and
cons in each method.Fig. 7 Ring vortex model with 6-control points.
Fig. 10 Induced velocity prediction for a ring vortex with 5
elements (w1 ¼ 0).Fig. 10 compares the prediction between the straight-line
model and the quadrature formula for a ring vortex with 5
line-segments. The straight-line model shows large positioning
error at the singular point, as expected. The quadrature for-
mula weakens the singular nature in the induced velocity distri-
bution. However, it shows more accurate prediction than that
with the straight-line model when the distance from the vortex
filament is increased. Figs. 11 and 12 display the effect of the
Fig. 11 Induced velocity prediction with straight-line vortex
model (rc=R ¼ 0:01).
Fig. 12 Induced velocity prediction for curved vortex filament
with quadrature formula (rc=R ¼ 0:01).
Fig. 13 Induced velocity prediction using straight-line formula
(rc=R ¼ 0:01).
Fig. 14 Induced velocity prediction with local refinement
(rc=R ¼ 0:01).
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induced velocity vi, where computations utilize the viscous core
model with n ¼ 2 and rc=R ¼ 0:01 in Eq. (17). The straight-line
model shows nearly the same results for all element numbers
ranging from 36 to 576. Fig. 12 denotes that the line integra-
tion using the quadrature formula should be applied to over
576 elements for an accurate computation of tangential veloc-
ity. In order to recover both the accuracy and the efficiency in
computing the induced velocity with the quadrature formula,
we propose the local refinement strategy with the line-vortex
model. As shown in Fig. 12, the core radius can be used as a
reference length scale for the ring vortex and the present
quadrature formula can provide an accurate prediction when
the distance from the filament is greater than 4rc. Since the
normal distance h defined in Fig. 4 can be a measure of nonlin-
earity in the kernel function from previous analyses of the
straight-line vortex element, the ratio h=rc is used to control
the refinement of node points. For a given switching parame-
ter, h^, the following strategy is applied in this paper:
(1) In case of h^P h=rc for all quadrature nodes over a line-
vortex segment, the quadrature formula is applied.
(2) Otherwise, the exact formula for a straight-line vortex
element is used after the corresponding line vortex seg-
ment is divided into the specified number of straight-
line vortex elements.Fig. 13 shows the effect of vortex element numbers on the
induced velocity calculation using the straight-line formula
and Fig. 14 displays the effect of the present local refinement
strategy with 2-point quadrature formula, where the non-
dimensional normal distance is given by h^ ¼ 20 and the line
vortex element is refined with 10 elements whenever the condi-
tion (1) is not met. The results show the high accuracy can be
obtained even with 8-line vortex segments for the ring vortex.
It is obviously indicated that the present local refinement is
more efficient than the conventional straight and curved fila-
ment models.
4. Applications to rotary wing problems
This work mainly focuses on dynamic modeling of the vortex
filament with a curve-fitting technique and tries to minimize
the complexity related to modeling of aerodynamic loads
and core radius growth, etc. Fig. 15 shows a 4-bladed rotor
model with the angular velocity X, where the trailed-wake sys-
tem is modeled only with tip-vortex filaments trailed from each
blade tip. The motion equation of vortex filaments given in Eq.
(2) can be rewritten as Eq. (21):
Fig. 15 Tip vortex filament model for rotary wing.
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@w
þ @~rðw; fÞ
@f
¼ ~vð~rðw; fÞÞ ð21Þ
where w ¼ Xt is the azimuth angle and f ¼ Xðt t0Þ vortex age
coordinate. t0 denotes the time of tip vortex release. ~v ¼ v=XR
and ~r ¼ r=R are the non-dimensional velocity and the non-
dimensional vortex filament position, respectively.
The first application is to show the importance of system
stability in the analyses with the curve-fitting technique.
Fig. 16 shows the initial tip vortex geometry, radially stretched
out from each blade tip to 1.5R position. For hovering flight
with zero vortex-strength, the exact geometry of each vortex
filament should be a circle after finite number of rotor revolu-
tions. For the purpose of analyses following two system equa-
tions with the 4th order Lagrange interpolating functions are
defined with different shift operations and parentheses denote
the eigenvalue which has the largest real part.
(1) System #1: Kð1Þ; kð1Þ0 built with s= 1 (kð1Þ = 1.0135–
3.0488i).
(2) System #2: Kð2Þ; kð2Þ0 built with s= 0 (k
ð2Þ = 1.2740
+ 3.2575i).
As previously mentioned, the linear combination of these
two system matrices can generate a system dynamics asFig. 16 Initial tip vortex geometry.K ¼ aKð1Þ þ ð1 aÞKð2Þ; a 2 ½0; 1
k0 ¼ akð1Þ0 þ ð1 aÞkð2Þ0
(
ð22Þ
The eigenvalues of three systems generated with a of 1.0,
0.2, and 0.3 were computed: 1.0135–3.0488i, 0.8246
+ 3.6487i, and 1.0695 + 3.4802i, respectively. The system
with a ¼ 1:0 is stable but the others are unstable. The analysis
is carried out with 18 control points evenly distributed along
the vortex filament with its maximum vortex age angle of
360 and the 4th order Runge–Kutta time integration method
is adopted with time step size of Dw= 1.0. The results shown
in Fig. 17 displays the control effect of the system stability with
a. The forward portion of the vortex filament with small f is
highly influenced by this stability character and rapidly prop-
agates irregular motion into the downward part of the fila-
ment. Fig. 18 represents the effect of the number of control
points per one rotor revolution on the steady-state vortexFig. 17 Tip vortex geometry for Blade #1.
Fig. 18 Tip-vortex geometry for Blade #1 with varying number of control points per one rotor revolution (/rev).
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tively smaller number of control points (18 and 24 points),
the present method can compute nearly the same vortex geom-
etry with the exact circular shape.
The second application to rotary wing problems is to con-
sider the effect of vortex strength. For simplicity the two-
bladed rotor (Nb = 2) is assumed to have a constant vertical
climb speed Vcð Vc=XR ¼ 0:01 0:07Þ and to undergo the
step change in circulation at the start of 5th rotor revolution.
If not specifically mentioned, the following data are given:
initial circulation ~C0 is 0.02, vortex core radius
rc=R ¼ 0:0001, time step size Dw = 2p/72 rad, spatial step
size 2p/36 rad/rev. The vortex system of rotors consists of
tip-vortex filaments, bound vortices and one root vortex,
which is assumed to be stretched vertically downward along
the rotating axis in order to minimize computational effort.
In this case, the strength of the circulation of each vortex ele-
ment becomes twice of the given initial value after 5 revolu-
tions of the rotor.
The momentum theory can provide a physical insight into
this problem. From Kutta–Joukowski’s theorem,7,8 the lift
contribution to the trust coefficient CT due to bound vortices
with constant circulation can be derived asLðrÞ ¼ qXrC
T ¼ Nb
R R
0
LðrÞdr ¼ 1
2
NbqXR
2C
CT ¼ T
pqX2R4
¼ Nb
2p
~C
8>><
>>:
where ~C ¼ C=XR2 denotes non-dimensional circulation. The
uniform induced velocity vi at the rotor disc can be represented
with ~C and climb speed Vc as
7
vi
vh
¼ Vc
2vh
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Vc
2vh
 2
þ 1
s
ð23Þ
where vi and vh are the normal component of induced velocity
and the uniform induced velocity at hover. Eq. (23) provides a
uniform variation of the inflow.
Since the vortex filament motion is generally understood to
be unstable at near hover and decent flight cases, various mea-
sures for motion characteristics are helpful to investigate time
evolution of vortex filaments. Time history of the filament
position can provide information on its geometric convergence
and unsteadiness. For this purpose, the mean and maximum
correction in positions of control points are defined for each
rotor revolution as
62 C.-J. Kim et al.ðDrÞnþ1average ¼
1
NbNwNc
XNb
i¼1
XNw
j¼1
XNc
k¼1
kDrni;j;kk
ðDrÞnþ1max ¼ max8i;j;k fkDr
n
i;j;kkg
where Drni;j;k ¼ rnþ1i ðwj; fkÞ  rni ðwj; fkÞ.
The asymmetric feature of the filament geometry can be
measured using the following parameters.
(1) Maximum asymmetric deviation in Oxy plane for two-
bladed rotor:
ðDrÞmax asym: ¼ max8j;k fDaj;kgFig. 2where Daj;k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1;j;k þ x2;j;kÞ2 þ ðy1;j;k þ y2;j;kÞ2
q
(2) Degree of asymmetry in number of control points, which
presents Daj;k P Datolerance, for a specified Datolerance
(¼ 0:01R in the present study).
Finally, the minimum distance between vortex filaments
can show the degree of nonlinearity in the induced velocity
due to their closeness and it can be estimated by the minimum
distance among control points.
Figs. 19–21 show the history of geometric measures of vor-
tex filaments, where the motion equation is integrated in time-
marching manner using the 5th order Runge–Kutta time0 Degree of asymmetric feature in tip vortex geometry.
Fig. 19 Average correction of tip vortex geometry.integration method.22–24 Fig. 19 shows convergence of the
average correction of tip vortex geometry. The fully-converged
tip vortex geometry can be achieved with Vc=ðXRÞP 0:0475
but the converged geometry is asymmetric as shown in
Fig. 21. For lower climb speeds oscillatory corrections are con-
tinuously added to the vortex path. Fig. 20 presents fully con-
verged symmetric geometries after 70 rotor revolutions can be
obtained for the range of climb speed Vc=ðXRÞP 0:06, which
is greater than the uniform inflow at hover. As climb speed
decreases, the degree of asymmetry abruptly increases up to
40% and the minimum distance between two vortex filaments
becomes extremely close. The present simulation results are in
good agreement with the previous observation. Leishman7
mentioned that aperiodic motion of vortex filaments comes
from natural instability modes of a helical vortex system.
Accurate numerical simulation of unstable behavior of vor-
tex-filament motion may require complex algorithms that
can adaptively control time-step size depending on the
minimum distance among filaments. The present full time-
marching techniques without any under-relaxation, however,
provide fast convergence to a steady state for the present case.
The applications of the free-wake model to the rotorcraft
aerodynamic problems require a realistic structural model for
the vortex system and the consideration of the real flow effects
to accurately predict blade air-loads.7 For this purpose, the
BEM is typically combined with the FVW model to consider
the nonlinear aerodynamic effect due to both viscosity and
compressibility effects.6,25,26 A vortex structure shown in
Fig. 22 is used for the applications of the present methods.
The detailed models to determine the vortex strengths of the
near and tip wakes are well described in Ref.25 and the solution
techniques for the coupled BEM-FVW analyses are also pre-
sented in Ref.26 The proposed methods are applied to the
air-load prediction of the two-blade rotor model27, and the
author’s analysis programs (HETLAS) as introduced through
Refs.28–30 are used for predicting the rotor air-load including
the table lookup of airfoil-section aerodynamic data. For the
hovering rotor, the air load at a blade element with the radial
position r and the geometric pitch h can be computed using the
local induced velocity vi predicted with the wake analysis and
the tangential velocity Xr due to the rotor rotation as
dL ¼ 1
2
CLða;MÞqV2cdr
dD ¼ 1
2
CDða;MÞqV2cdr
8><
>:
where V2 ¼ ðXrÞ2 þ v2i and a ¼ h tan1ðvi=XrÞ. The bound
circulation to predict the strength of each vortex filament is
computed using
C ¼ CLV
2c
2Xr
An iterative solution process is adopted to get a converged
solution for both wake structure and air load.
Fig. 23 shows the predicted thrust and power coefficients
CT and CP with the variation of the collective pitch and the
angle of the near wake filaments extended from the trailing
edge of the airfoil. The core radii of the near wakes are set
to be 1.5 times of the averaged width of each blade element
and those of the tip wake are modeled using the correlated
Iverson’s formula6 with the core growth factor d ¼ 1000. The
tip vortex filaments are extended to the 7 rotor revolutions
Fig. 22 Schematic structure of vortex system over a blade.25
Fig. 21 Tip vortex geometry after 70 rotor revolutions.
Fig. 23 Predicted thrust and power coefficients for Ca
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tip airfoil section. The detailed rollup process of tip vortex fil-
aments is ignored and the position of the inboard wake fila-
ment is defined using the prescribed wake model described
in Ref.6
The blade is divided into 30 elements using the equal annu-
lar area concept for the BEM and the 36 nodes per rotor rev-
olution are uniformly distributed along each vortex filament.
These modeling parameters and features are commonly used
for all follow-on analyses if not specifically mentioned. The
predicted aerodynamic coefficients show a similar trend to
the measured and computed data given in Ref.27 However,
the extension angle of the near wake highly affects the pre-
dicted aerodynamic performance. The predicted air-load distri-
butions around blade root are highly affected by the extensionradonna and Tung’s model (hc ¼ 8, RPM= 1250).
Fig. 24 Predicted distribution of air-loads and induced velocity.
Fig. 25 Predicted tip vortex trajectory.
64 C.-J. Kim et al.angle of the near wake as presented in Figs. 23 and 24. A rea-
sonable value for the near wake extension angle may be
given31, although not tried in this study. The over-predicted lift
coefficients around the tip region indicate that the models for
the detailed formation process and the flow structure of the tip
vortex filaments need to be refined. The discrepancy in the tip
vortex trajectory, shown in Fig. 25, can supplement this point
and the prescribed inboard wake model used in this study
needs further refinement.5. Conclusions
The use of local Lagrange interpolating polynomials with
shift operation is proposed to describe the dynamics of the
vortex filament. Lagrange interpolating polynomials can pro-
vide the equation of motion for vortex filaments with supe-
rior system properties to other curve-fitting methods, such
as Be´zier curves and B-spline (including NURBS). The appli-
cations of this approach show that the unsteady motion of
the vortex filament can be estimated with the full time-
marching techniques without any under-relaxation method,
which can provide fast convergence in steady-state problems.
The positioning of the singular point near the vortex filament
and the induced velocity due to a general curved vortex fila-
ment are well predicted by the quadrature formula coupled
with the local node refinement strategy in the present work.
Efficiency in computing the induced velocities at each control
point can be greatly enhanced when the line integration ofthe kernel function is computed by the quadrature formula
to the curved vortex filament model. Furthermore, the
curved vortex filament model can accurately describe the
unsteady wake geometry with much less number of states
than the straight-line model that saves the computational
time.
Applications to the rotary wing have been successfully car-
ried out with the time-marching technique without relaxation
strategy. The tip vortex geometry can be accurately estimated
even with 18 control points per revolution using the proposed
method. To validate the usefulness the present methods are
applied to the prediction of the aerodynamic performance
and the distribution of aerodynamic loads and induced veloc-
ities along the blade span for the two-bladed rotor. The pro-
posed vortex models are successfully implemented into the
blade element method to consider the nonlinear aerodynamic
characteristics. The computed air-load distribution is compa-
rable to those of the experimental data. The parametric studies
on the near-wake extension angle show that the extension
angle highly affects the air loads around the inboard portion
of the blade. The results show that the present methods are
robust enough to compute the complex flow fields with the
strong blade-vortex interaction. The analyses for highly dis-
torted rotor wakes at low and high forward speeds can also
enjoy advantages gained by the proposed methods with much
less nodes than those required for the straight line vortex ele-
ments. The proposed techniques, therefore, can be used to
solve the rotorcraft aeromechanic problems in the efficient
and accurate manner.
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